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1. Introduction 

The differential geometry of slant submanifolds has shown an increasing de- 
velopment since B. - Y. Chen defined slant immersion in complex geometry as a 
natural generalization of both holomorphic immersions and totally real immer- 
sions (see [TT]).In ([7]), A. Lotta has introduced the notion of slant immersion 
of a Riemannian manifold into an almost contact metric manifold. In (0), the 
notion of warped product manifolds was introduced by Bishop and O'Neill in 
1969 and it was studied by many mathematicians and physicists. 

The notion of semi-slant submanifolds of almost Hermitian manifolds was in- 
troduced by N. Papaghuic (see [9]). In fact, semi-slant submanifolds in almost 
Hermitian manifolds are defined on the line of CR-submanifolds. In the set- 
ting of almost contact metric manifolds, semi-slant submanifolds are defined and 
investigated by J.L. Cabrerizo et. al (see [5]). 

The study of warped product semi-slant submanifolds of Kaehler manifolds was 
introduced by B. Sahin (see [ID])- Later, K.A. Khan et.al studied warped product 
semi-slant submanifolds in cosymplectic manifolds and showed that there exist 
no proper warped product semi-slant submanifolds in the forms XfNg and 
reversing the two factors in cosymplectic manifolds (see [6]). 

Recently, M. Atceken proved that the warped product submanifolds of the 
types M = N T x j N s and M = N g Xf Nj_of a Kenmotsu manifold Mdo not 
exist where the manifolds Ng and iV T (resp.iVjJ are proper slant and ^-invariant 
(resp. anti-invariant) submanifolds of a Kenmotsu manifold M, respectively (see 
rjQ). In this paper, we have obtained some results for the existence of warped 
product semi-slant submanifolds of (3— Kenmotsu manifolds. 



2. Preliminaries 

Let M be a (2n + 1) - dimensional C°° manifold endowed with the almost 
contact metric structure^, £, rj, g), where <f> is a tensor field of type (1, 1), £ is a 
vector field, rj is a 1 - form and g is a Riemannian metric on M, all these tensor 
fields satisfying ([3]) 



Lf 2 = I - 7] ® f , 7] (f ) = 1, TJOip = 0,^ = 
1 



(2.1) 
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(X,Y)=g(<pX,<pY) + V (X)Ti<y) (2.2) 

g (X, cpY) = -g (tpX, Y) ,g(X,t)=r) (X) (2.3) 

for any X, Y G TM. Here TMis the standard notation for the tangent bundle 
of M. The two forms $ denote the fundamental two forms and is given by 
g(X,(j)Y) = <&(X, Y). The manifold is said to be contact if $ = drj. If £ is a 
killing vector field with respect to g, the contact metric structure is called K - 
contact structure. It is known that a contact metric manifold is K - contact if 
and only if Vx£ = —<pX, where V denotes the Levi - Civita connection on M. 

The almost contact structure M is said to be normal if [(f), 0] + 2dr] <g> £ = 0, 
where [0, 0] is the Nijenhuis tensor of 0. A Sasakian manifold is a normal contact 
metric manifold. Every Sasakian manifold is K - contact. A three dimensional K 
- contact manifold is Sasakian. An almost contact metric manifold is Sasakian if 
and only if 

(Vx^) Y = g (X, Y) £ - V (Y) X- X, Y G TM (2.4) 

Moreover, on a Sasakian manifold 

V x £ = -<pX. (2.5) 

For any X G TMand £ is the structure vector field. An almost contact metric 
structure (0, £, rj, g) on M is called /3— Kenmotsu manifold if 

(Vxy?) Y = (3 {g (<pX, Y)t-ri (Y) y?X} (2.6) 

where /3 is a smooth function on M and Vmeans the covariant differentiation 
with respect to g (see [8]). 

If we put = 1 in f!2.6p then Mis a Kenmotsu manifold. Let M be a submanifold 
immersed in a (2n + 1) - dimensional contact metric manifold M; we denote by 
the same symbol g the induced metric on M. TM is the tangent bundle of the 
manifold M and T^M is the set of vector fields normal to M. Then the Gauss 
and Weingarten formula is given by 

V X Y = V x Y + h(X,Y) (2.7) 

V X N = -A N X + Vj^Y (2.8) 

For any 1,7 G TM and N G T^-M, where V"4s the connection in the normal 
bundle. The second fundamental form h and the shape operator An are related 
by 

g(A N X,Y)=g(h(X,Y),N). (2.9) 
For any X, Y G TM and N G T ± M, we write 



<pX = TX + NX, (TX G TM, NX G T X M) , (2.10) 
ipN = tN + nN, (tN G TM, nN G T^M) . (2.11) 
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The submanifold M is invariant if N is identically zero on the other hand; M is 
anti - invariant if T is identically zero. From ( 12. 3 p and (I2.10p . we have 

g(X,TY) = -g(TX,Y) (2.12) 

For any I,Fg TM. The covariant derivatives of the tensor fields T and N are 
defined as 

(V X T) Y = V X TY - TV X Y (2.13) 
(V X N)Y = V X NY - NV X Y (2.14) 

For all X,Y G TM. The canonical structure T and N on a submanifold M are 
said to be paralleM VT = and ViV = 0, respectively. 

We shall always consider £ to be tangent to M. The submanifold M is said to 
be invariant if N is identically zero, that is, <j)X G TM for any X G TM. On 
the other hand M is said to be anti - invariant if T is identically zero, that is, 
cf)X G T L M for anyX G TM. For each non - zero X tangent to M, such that X 
is not proportional to £, we denote by 9 (X), the angle between and TX. M is 
said to be slant [5] if the angle 9 (X)is constant for all X G TM — {£}. The angle 
9 is called slant angle or Wiritinger angle. Obviously if 9 = 0, M is invariant and 
if 9 = 7r/2, M is anti - invariant submanifold. If the slant angle of M is different 
from and 7r/2 then it is called proper slant. 
A characterization of slant submanifolds is given by the following: 
Theorem 2.1. (jS]) Let M be a submanifold of an almost contact metric manifold 
M, such that £ G TM. Then M is slant if and only if there exists a constant 
A G [0, 1] such that 

T 2 = A(-/ + r/®0 (2.15) 
Furthermore, if 9 is slant angle then A = cos 2 #. 

The following relations are straight forward consequences of equation fl2.15p : 

g (TX, TY) = cos 2 9 [g (X, Y ) - r, (X) r) (Y)} (2.16) 

g (NX, NY) = sin 2 9 [g (X, Y) — rj (X) V (Y)} (2.17) 

for any X, Y G TM. We say M is a semi - slant submanifold of M if there exist 
an orthogonal direct decomposition of TM as TM = Di(BD 2 (B{£,} , where D Js 
invariant distribution i.e., <p(Di) = D\ and D 2 is slant with slant angle 9 ^ 0. 
The orthogonal complement of ND 2 is the normal bundle T ± M, is an invariant 
subbundle of T^M and is denoted by fi. Thus, we have T ± M = ND 2 © \i. 
Similarly, we say that M is anti - slant submanifold of M if D{vs, an anti - 
invariant distribution of M i.e., 4>D\ C T-'-Mand D 2 is slant with slant angle 
9 ^ 0. 

3. Warped and doubly product manifolds 

Let (Ni, gi)&nd (N 2 ,g 2 ) be two Riemannian manifolds and /, a positive differ- 
entiable function on N\. The warped product of A^and N 2 is the Riemannian 
manifold N\ x fN 2 = (N\ x N 2 ,g), where 

9 = 9i + f 2 92- (3.1) 



4 



A warped product manifold Nx x fN 2 is said to be trivial if the warping function / 
is constant. We recall the following general formula on warped product (see [2]). 

V X V = V V X = (X\nf)V, (3.2) 
where X is tangent to A^and V is tangent to N 2 . 

Let M = Ni x fN 2 be a warped product manifold, this means that Nx is totally 
geodesic and A^ is totally umbilical submanifold of M, respectively. Doubly 
warped product manifolds were introduced as a generalization of warped product 
manifolds by B. Unal [12]. A doubly warped product manifold of AiandA^, 
denoted as / 2 Ai x ^A^ is endowed with a metric g defined as 

9 = fhi + fi92 (3.3) 

Where fx and f 2 are positive different iable functions on Nx and A r 2 respectively. 
In this case formula (I3.2p is generalized as 

V x V = (X\nf 1 )V+(V\nf 2 )X (3.4) 

for each, X G TNx and V G TN 2 (see [13]). If neither fx nor f 2 is constant we 
have a non trivial doubly warped product M = Nx x fN 2 . Obviously in this case 
both Nx and N 2 are totally umbilical submanifolds of M. 
For any X G TNx and Z G TN 2 then by (E3D, we have 

W X Z = V Z X = (X In fx) Z + (Z\n f 2 ) X. 

If £ G TNx then above equation gives 

V € Z = V z i = (£hxfx)Z+(Z In f 2 ) £. (3.5) 

On the other hand, using equation (12. 6p and the fact that £ is tangent to Nx, we 
have 

Vz£ = PZ. 

Using equation (12 .7p . we have 

V z £ + h{Z,£) = pZ. 

Using equation ([33]) and then comparing the tangential and normal component 
we obtain 

{i\nf x )Z+{Zhyf 2 )i = pZ, (3.6) 

h(Z,O = 0. (3.7) 

Taking product with Z in equation (I3.6P and using the fact that £, Z and TZ 
are orthogonal vector fields then(£ In fx) = 1, (Zln/2) = O.This shows that f 2 is 
constant. Similarly, if the structure vector field £ is tangent to N 2 and for any 
X G TNx we obtain(£ In f 2 ) = 1, (Xlnfx) = 0. Showing that f\ is constant. 
This leads to the following theorem: 

Theorem 3.1. There do not exist proper doubly warped product submanifolds 
M = f 2 Nx x / 1 A r 2 of a Kenmotsu manifold M where Nx and N 2 are any Rie- 
mannian submanifolds of M. 

The following corollary is an immediate consequence of the above theorem: 
Corollary 3.1. There do not exist warped product submanifolds M = Nx x fN 2 
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of a Kenmotsu manifold M such that £ G TN 2 where N\ and N 2 are any Rie- 
mannian submanifolds of M. 

Thus, the only remaining case to study of warped product submanifolds M = 
Ni x f N 2 of a Kenmotsu manifold M such that £ G TN\. For any X G TN\ and 
Z G TN 2 , we have 

(V x 0) = V x <pZ - 4>V X Z. 

Using equation (12.6 1) and the fact that £ G TN±, left hand side of the above 
equation is zero by orthogonality of two distributions, then (ftVxZ = Vx4>Z. By 
equations (l277jl . (J23}, ([27TO|) and (123T]) . we obtain 

V x TZ + /i (X, TZ) - + V^XZ = TVxZ + iVVxZ+t/i (X, Z) + n/i (X, Z) . 

Equating the tangential and normal components and using (|3.2p . we get 

A NZ X = -th (X, Z) (3.8) 

and 

V X NZ = (X In /) NZ + nh (X, Z) - h (X, TZ) . (3.9) 
This leads to the following theorem: 

Theorem 3.2. Let M = Ni x fN 2 be warped product submanifolds of a Ken- 
motsu manifold M such that £ G TNi where N\ and N 2 are any Riemannian 
submanifolds of M .Then 



£m/ = l, (3.10) 

A NZ X = -Bh(X,Z), (3.11) 

g(h{X,Y),NZ)=g(h(X,Z),NY), (3.12) 

g{h{X,Z), NW) =g(h(X,W),NZ) (3.13) 
for any X, Y G TN Y and Z,W G TX 2 . 



4. Warped product semi-slant submanifolds 

We have seen that the warped products of the type Ni x fN 2 of Kenmotsu 
manifolds do not exist if £ G TX 2 .Thus, in this section we study warped product 
semi - slant submanifolds N\ x fN 2 of Kenmotsu manifolds only when £ G TN±. 
If the manifolds Ng and Nt (resp. Xj_) are slant and invariant (resp. anti - 
invariant) submanifolds of Kenmotsu manifold M ,then their warped product 
semi-slant submanifolds may given by one of the following forms: 
N T x f No, N± x f N g , N e x f N T and N g x f N ± . 
Let the warped products of type Nt x fNg then for any X G TXy andZ G TXg 
we have 

(?(0VxZ,0z) =s(VxZ,z). 
On using equation ( 13. 2D . we obtain 



gi^V x Z,<f>z) =(Xln/)||Z|| 2 . (4.1) 
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On the other hand we have 

(Vx<p) Z = Vx<f>Z - 0V*Z, 

For any X G TNt andZ G TNg. Using equation (12.61) and the fact that £ G TNt, 
left hand side of the above equation is zero, then Vx4>Z = (pVxZ. Taking the inner 
product with <pZ and then using equation (I2.10p . we get 

g [fJ x Z, (j>z) = g (V x (TZ + NZ) , TZ + NZ) . 

On applying (I2.9p . (13. 2p . Gauss and Weingarten formula we have 

g(<f>V x Z, <j>Z) = (X In f)g(TZ, TZ) + g((V x N)Z, NZ) + (X In f)g(NZ, NZ). 
On using (I2.16P and (12.171) . we get 

g (ct>VxZAZ) = (Xlnf) \\Z\\ 2 + g ((v x iv) Z,NZ} . (4.2) 
Using equations (14.11) and (14.21) . we get 

g[(VxN)z,NZ^ =0. (4.3) 

Since Ng is proper slant submanifold of M, then equation (14.31) implies the fol- 
lowing theorem: 

Theorem 4.1. Let M = Nt x fNg be warped product semi - slant submanifolds 
of Kenmotsu manifold M such that £ G TNt- Then (v xN^j Z lies in the in- 
variant normal subbundle for all X G TNt and Z G TNq where Nt and Ng are 
invariant and proper slant submanifolds of M. 

Let the warped products of type N± x fNg then for any Z G TN± and X G TNg 
we have 

(V x <p) Z = V X <PZ - <PV X Z 

On using equations (I277j) . CTl . (I2TTUD . (12~TT]) . (1231) and the fact that £ G TiV ± , 
we obtain 

-7](Z)TX - r)(Z)NX = -A NZ X + V X NZ - TV X Z - NV X Z - th(X, Z) - 
nh(X, Z). Using the tangential components and using equation (13.21) . we get 

rj (Z) TX = A NZ X + (Z In /) TX + th (X, Z) . 

Taking the product with TX in above equation and using the fact that X and 
TX are mutually orthogonal vector fields, then 

7] (Z) g (TX, TX) = g (A NZ X, TX) + (Z In /) g (TX, TX) + g (th (X, Z) , TX) . 
Thus from equations (12. 9p and (12.161) . we get 

{t](Z) - (Zln/)}cos 2 #||X|| 2 = g (h (X, TX) , NZ) — g (h (X, Z),NTX). 

(4.4) 

As Nq is proper slant, interchanging X by TX in above equation and taking 
account of equation (I2.15p . we deduce that 

{ V (Z) - (Z In /)} cos 2 9\\X\\ 2 = -g(h(X, TX), NZ) + g(h(TX, Z), NX). (4.5) 



7 



On adding equations (14.41) and (14.51) . we obtain 

{q(Z) - (Zln,/)}cos 2 #||X|| 2 = -g(h(X,TX), NZ) + g(h(TX, Z),NX). 
Thus by (I3.13p . the right hand side of the above equation is zero and we have 
{q (Z) - (Zln/)}cos 2 #||X|| 2 = 0. 
This leads to the following theorem: 

Theorem 4.2. Let M = N± x fNg be warped product semi - slant submanifolds 
of Kenmotsu manifold M such that £ £ TNj_ . Then 

V (Z) = (Z\nf) (4.6) 

For all Z £ T Nowhere N± and Ngare anti-invariant and proper slant submani- 
folds of M, respectively. 

Let M = Ng x jNt be warped product semi - slant submanifolds of a Kenmotsu 
manifold M such that £ £ TNg. Then for any X £ TNt and Z £ TNg we have 

(Vx^) Z = \7 x <pZ - <PV X Z 

On using equations 1)27)) . f[2TH|) . fl2TT0|) . (I2H1) . fl23D and the fact thatf £ TX ± , 
we obtain 

-r/ (Z) - 7] (Z) <f)X = V X TZ + h (X, TZ) - A NZ X 

+V X NZ - TV X Z - NV X Z - th (X, Z) - nh (X, Z) . 
On comparing the tangential and normal parts we have 

r, (Z) <f)X = -A NZ X + V X TZ - TV X Z - th (X, Z) (4.7) 

and 

(V x iv) Z = nh (X, Z) - h (X, TZ) . (4.8) 
Taking the product with NZ in (14. 8p we have 

g ( (VxX) Z, NZ) = g {nh (X, Z) ,NZ)-g (h (X, TZ) , NZ) . 

= g {<f>h (X, Z) AZ)-g (th (X, Z) ,TZ)-g (h (X, TZ) , <f>Z) . 

That is, 

g ( ( VxX) Z, NZ) = -g {th (X, Z) ,TZ) + g (th (X, TZ),Z). (4.9) 
As 9 7^ 7r/2, then substituting Z by TZ in (14. 9p and using (I2.15P we obtain 

9 ((V X X) TZ, NTZ^j = cos 2 9 {-g (th (X, Z) ,TZ) + g (th (X, TZ) , Z)} . 
Using equation (14. 9p . we get 

9 ((V x x) TZ, NTZ^j = cos 2 9 g ((v x x) Z, NZ^j . 
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Hence we can state the following theorem: 

Theorem 4.3. Let M = Ng x fN? be warped product semi - slant submanifolds 
of Kenmotsu manifold M such that £ G TNq. Then 

g[[v x N\ Z,NZ^ = sec 2 9 g ((v x n) TZ, NTZ^j . (4.10) 

for all X G TNt and Z G TNq where and Ngare invariant and proper slant 
submanifolds of M , respectively. 

Let M = Nt x fN±be warped product semi - slant submanifolds of a Kenmotsu 
manifold M such that £ G TNq. Then for any X G TNt an d Z G TN± we have 

(V*0) Z = V x 0Z - </>V x Z 

On using equation (I2.6P and the fact that £ G TNj_, we obtain 

V x 0Z = 0V x Z. 
On using equations ([H]), (|23)1 . (jXTUjl . (EOT]) , we get 

-AtvzX + V^iVZ = TV X Z + XV X Z + ^ (X, Z) + n/i (X, Z) . 
From the normal components of the above equation and formula (13. 2\i gives 

V X NZ = (X In /) NZ + nh (X, Z) . (4.11) 
Taking the product in (14.111) with NWi for anyW 7 ! G TN±, we get 

g (V X NZ, NW 1 ) = (X In /) g (NZ, NW 1 ) + g (nh (X, Z) , NW X ) 

or, 

g (V X NZ, NWi) = (X In /) g (cf>Z, <f>W x ) + g (4>h (X, Z) , 0^) . 
Then from equation (12.21) we have 

g (V X NZ, NW 1 ) = (X In /) g (Z, W 1 ) . (4. 12) 

On the other hand for any X G TNt and Z G TN± we have 

(V x iv) Z = V X NZ - XV X Z. 

Taking the product with NV^i, for any W\ G TNj_ and using equation (13.21) . we 
get 

<?((Vxiv)z, Wi) = <?(vi7VZ,i\Wi) - (X In /) # (Z, V^) . (4.13) 
Equations ljQ2jl and lEHf . follows that 

g((y x N^Z,NWx^ =0, (4.14) 

For any X G TX and Z, G TX ± . If W 2 G TNt then using the formula (12T41) . 

we get 

<? ( (V x x) Z, 0H/ 2 ) = 5 ( V^XZ, 0H/ 2 ) - (X In /) g (Z, <f)W 2 ) . 
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As Nt is an invariant submanifold then <$Wi E TA^for anyWj E TNt, thus using 
the fact that the product of tangential component with normal is zero, we obtain 
that 



For any X, W 2 E TN T and Z E TN ± . Thus equations (Ol) and d415|) lead to 
the following theorem: 

Theorem 4.4. Let M = iVj-x ^iVj_ 6e warped product semi - slant submanifolds of 



Kenmotsu manifold M such that£ E TNt- Then I Vx-Aj Z lies in the invariant 



normal subbundle for all X E TNt and Z E T Nowhere Nt and N± are invariant 
and anti - invariant submanifolds of M , respectively. 
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